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°° ; Abstract 

£> ■ We construct parity and time reversal invariant Maxwell-Chern-Simons gauge 

theory coupled to fermions with adding the parity partner to the matter and 
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Abelian gauge theories in (2+l)-dimensions with Chern-Simons terms have been found 
to admit interesting classical soliton solutions [1-5]. Especially, the fermionic field theories 
coupled to the Chern-Simons gauge field without Maxwell term admit vortex solutions [0. 
Recently, it has been found that fermionic field theories coupled to the Maxwell-Chern- 
Simons gauge field also admit vortex solutions ||]. The Chern-Simons term has generally 
been believed to violate parity P and time reversal T ||. However, it has been known that 
one can restore the parity and time reversal in Chern-Simons gauge theory by adding the 
parity partners to the matter and the gauge fields [fjj . It is purpose of this work to show that 
such parity P and time reversal T invariant Maxwell-Dirac-Chern-Simons gauge theories can 
give the nontopological vortex solutions with binding energies. 

We consider the Lagrangian 

r = Ft v F^ f^F + -e^A-L. F^ - -^ vp A F 

+1^8^ - m^ifj + eA + ^{J$ + IG P + ) + eA_.^{J» - IGt) (1) 

where 

Ff = d^A v ± - 0M£, J£ = ^P±ip, G^ = e^ p 8 u J ±iP 

and k and I are coupling constants. The projectors P± onto the spin up and spin down fields 
are 

P±=~(l±p 3 ), 

where p% is a Dirac matrix defined by pi = Oi ® I. 

As in Ref. and || , we also introduce the topological current G± ifi , associated with 
the electromagnetic current J± tP , which describes the induced charge and current density. 
The topological current takes the form, 

G\ = e^djJ^o (2) 

which is related to the induced current by 

G\ nd + = ±fc**V±,o (3) 



in the system || || . This induced current comes from the magnetic dipole moment density, 



V± 7 * JL 7 7 - 

m± = —J±,oz = ±U± fi z 



(4) 



through the relation Gi n d,± = Vxm± || |§ . Here, total charges are given by Q± = J J±fld 2 r 
and the magnetic dipole moments are n±z. 
We choose the 7- matrices as 



U \ 



7 



-a 3 



( ia 2 ^ 



7 



2<7 2 



' -ia x » 



, 7 



V 



(5) 



/ 



We write 4-component spinor field ip as ift 



v *- 1 



— iai 
where ip + and ^_ are two-component 



spinor functions. 

The charge conjugation, parity and time-reversal transformation are defined as follows 



1) Charge conjugation 



A ±A x ) 

ip±(x) 



2) Parity 



A± >0 (t,xi,x 2 ) 
A± tl (t,xi,x 2 ) 

A± j2 (t,x ll x 2 ) 

lfj±(t,Xi,X 2 ) 



3) Time-reversal 



A± ! o(t,x 1 ,x 2 ) 
A± ji (t,x 1 ,x 2 ) 

ip±(t,x 1 ,x 2 ) 



-A±, ll (x), 



ai^±(a;). 



A Tfi (t,-x 1 ,x 2 ), 
TA Til (t,-X!,x 2 ), 
A Ti2 (t,-x 1 ,x 2 ), 
criipzf(t,-xi,x 2 ). 



A Tfi (-t,x u x 2 ), 
-A Tii (-t,x ll x 2 ) (i = l,2), 
±a 1 ip^(-t,x 1 ,x 2 ). 
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(6) 



(7) 



(8) 



With this definition the Lagrangian density ([!]) is invariant under the parity and time-reversal 
transformation as well as PCT. 
The equations of motion are 



and 



d v F? ± -e^F ±il/p 



: Jt ± igi 



±ji 



(9) 



^{id^ + eP+A+^ + eP-A.^ - mip 



(10) 



We choose the gauge A±$ = and consider the gauge field A±j to be static. By taking the 
fermion fields ip+ and -0_ in component form, 



V>H 






-iE+t 



<!,. 






-iE-t 



the equations of motion (]T0|) can be written as 



[E+-m- elJ iQ djA+dn+ = -D++i+ + &[(«& + a 2 )£+]£ + , 
[-£+ -m + ek ijo d j A +ii }Z+ = -D+^+ + it[{-id x + fib)S + ]^ H 



(11) 



and 



[-E. -m- e/e ij '°a 7 -A_, i ]?7_ = -£>_+£- + *t[(»&i + <9 2 )£_]£_, 
[£_ - m + ek ij0 5 i A_ )i ]^_ = -D—rj- + &[(-0l + d 2 )£_]77_ 

where £>+± = ±2/)^ + D%, D_ ± = ±iD± + D 2 and D^ = 0^ - ieA± :i . 
If we let 



^+ = ??+ 



M 



v / 



-iE+t 



</>_ = f. 



M 



V 1 / 



-1E_« 



(12) 



(13) 



the equations of motion (|Tl~D and (0) become 



(E+-m- ek ij0 d j A +>i )r] + = 0, 

D + _ V+ - it[{-id 1 + d 2 )E + }r 1+ = (14) 



and 



(£_ - m + ele^djA^i)^ = 0, 

D-+Z- - it[{idy + d 2 )EL]£_ = 0. (15) 

As shown in Ref. ||, from the form of the solutions (|13|), we find that the electromagnetic 
current and the induced charge vanish; 

J± = HP±tI> = 0, G° ± = e 0ij diJ ±!J = 0. (16) 

By using Eqs.|J) and (li"6|) , the magnetic fields reduce to 

B± = -F±,i2 = ±- P± (17) 

where p± = '^V'i- We note that Eqs.(|) can be written as 

d d Ft = TeU j %J±, . (18) 

From Eqs.flTTD and (ITH), We can find the constant I to be I — — -. 

To find the general solutions for the self-dual equation fll4]) and QI3|), we note when 7/ + 
and £_ are decomposed into its phase and amplitude, 



n+ = y/p^e^, £- = y/pIe' u - 1 (19) 

the Eqs.(p^) and (|i"5|) can be written as 

eV x At = V x (Vw±) -V x (V£±)t =F -V 2 lnp±. (20) 

From Eqs.flPTD and ( f2~0"| ) we obtain the equations for the charge density p± : 

V 2 lnp ± = -— P± . (21) 



Eqs.(|21|) are the Liouville equations which are completely integrable. When we take the 
solutions fll3"|), k > is required in order to have nonsingular positive solutions for the 
density p + and p_. The most general circularly symmetric nonsingular solutions to the 
Liouville equations involve two positive constants r± and A/± H : 



p ± = ^i(y)* + (^r- 



(22) 



where r± are scale parameters. In case of solutons (JT3|), the magnetic dipole moments are 
given by p ± = ±IQ± = T 3 ^^ > 0). 
If we let 



^ 



'/+ 



M 



v / 



-iE+t 



*- 



M 



\°) 



-iE-t 



the equations of motion fllTD and (0) become 



{E+-m- ek ij0 d j A +jl )r ]+ = 0, 
D+ _ v+ _ it[(-i5x + d 2 )E + ] v+ = 



(23) 



(24) 



and 



(E- + m + ele^djA^r}. = 0, 
£>__??_ - 2t[(-^i + <9 2 )£_]??_ = 0. 

If rj± are decomposed into its phase and amplitude, 



V+ = VP+ e 



J0- 



V- = vP- e 



the amplitudes p± satisfy the Liouville equations 



V 2 lnp ± = t — p± 

K 



(25) 



(26) 



(27) 



where the =F signs are for the solutions of the forms i/)±, respectively. Eqs.(p7|) imply that 
there is no nonsingular positive solution to satisfy the Liouville equations with respect to 
p± simultaneously. 
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If we let 



</>+ = «+ 



M 



-iE+t 



1p- = 7]- 



V 



(A 



\° 



-iE-t 



(28) 



the equations of motion flTT|) and (0) become 



(E+ + m - ele^°djA + ^ + = 0, 
£++£+ - it[(id! + d 2 )E + ]£ + = 



(29) 



and 



(£_ + m + ek^djA^i)^ = 0, 
D__?7_ - it[(-0L + <9 2 )£_]?7_ = 0. 



(30) 



From the form of the solutions (|28|), the electromagnetic current J±, and the induced 
charge G°± also vanish. Therefore, the magnetic fields reduce to 



B 



± 



-F. 



±,12 = ±-p± 



(31) 



and the constant / to be I = — -. 

K 

In this case, we obtain the Liouville equations for the charge density p± : 

n2| 2e 2 



(32) 



As for Eqs. (|32]) , k < is required in order to have nonsingular positive charge density p±. 
In this case, the most general circularly symmetric nonsingular solutions to the Liouville 
equations involve two positive constants r± and A/± H : 



P± 



AkN"± r ,r±. 



2 >[(-)"' ± + (-) Af± '- 2 



r 



e r r 

In case of solutions (p8|), the magnetic dipole moments are given by /i± = : ^^(k < 0). 
If we let 



(33) 



v^+ = e+ 



M 



-iE+t 



*- = (- 



u\ 



-iE-t 



(34) 



V 



V 



the equations of motion (|TTD and ([TJ) become 



(E+ + m - ele^djA+J^ = 0, 

£++£+ ~ it[(idi + d 2 )E + ]Z + = (35) 



and 



(E- - m + ek^djA^i)^ = 0, 

£_+??_ - it[(idi + &)#_]£_ = 0. (36) 

In this case, we obtain the Liouville equations for the charge density p± : 

V 2 lnp ± = ±^p ± . (37) 

As for Eqs.( p^) , there is no nonsingular positive solution to satisfy the Liouville equations. 
In cases of solutions (|13|) and (p8|) , the Hamiltonian density 7i reduces to 



W = \f 2 +>12 + ^F 2 )12 ± mp+ ± mp_ + — p 2 , + — p 2 _, (38) 

respectively. The total energy of the system can be written as 



2 

E = J d 2 rH = J d 2 r[±m(p + + p_) - ^(p 2 + + p 2 _)] 



±m^(N++N-) 



e 2 



e 2 W^r(2-^)r(2 + ^) 47r«^r(2-^-)r(2 + ^) 
_, 3»IA ^~Tji ) + \ ^713 )\- ^) 



ft 



3e 4 rl ' v 3e 4 ri 



As in Ref. 0, (A/+, jV-)-soliton solutions of this model ([[]) also have binding energies. Thus 
the stability of the nontopological (A/+, A/"_)-solitons in this model is guaranteed by the 
binding energies and the charge conservation laws of the system ||. 
From the Eqs.(|l4|) and (fl5|) , we find 



e 2 „ e 2 



ft 2 ft^ 



E + = m -p + , E_ =m- —p_. (40) 

From the Eqs.(|29|) and fl30|), we also find 



e 2 e 2 
E + = -m -p + , E^ = -m -p_. (41) 

K z K z 

Therefore, the solutions dl3|) or (|28|) is acceptable because the parity transformation does 
not change any internal properties of the particle like the energy except for the binding 
energy ||. However, from the Eqs.(f24"[) and (|25|), we find 

E +=m -^ + , E^- m -^. (42) 

K K 

From Eqs.(|35D and fl36|), we also find 

e 2 e 2 
E + = -m -p + , E_ = m -p_. (43) 

In these cases, we find that the definition of Eqs. (0) changes the internal property under 
the parity transformation. In other words, the parity transformation implies that each 
solution transforms to the solution with the different energy. This is unacceptable because 
the parity transformation should not change any internal properties of the particles ||. 



Therefore, we can also ascertain that the forms (^) and fl34 ) are not the solutions of this 
model d). 
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